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Abstract. We consider the following fundamental realization problem of directed graphs. 
Given a sequence 5 := (^^), . . . , (^") with ai, hi G Zj. Does there exist a digraph (no parallel 
arcs allowed) G = A) with a labeled vertex set V := {vi, . . . ,v„} such that for all Vi G 
V indegree and outdegree of Vi match exactly the given numbers ai and bi, respectively? 
There exist two known approaches solving this problem in polynomial running time. One 
first approach of Kleitman and Wang (1973) uses recursive algorithms to construct digraph 
realizations [KW73| . The second one draws back into the Fifties and Sixties of the last century 
and gives a complete characterization of digraph sequences (Gale 1957, Fulkerson 1960, Ryser 
1957, Chen 1966). That is, one has only to validate a certain number of inequalities. Chen 
bounded this number by n. His characterization demands the property that S has to be 
in lexicographical order. We show that this condition is much too strong. Hence, we can 
give several, different sets of n inequalities. We think that this stronger result can be very 
important with respect to structural insights about the sets of digraph sequences for example 
in the context of threshold sequences. The new characterization is fomally analogous to the 
classical one by Erdos and Gallai (1960) for undirected graphs. 

1 Characterization of Digraph Sequences 

Problem 11 (digraph realization problem) Given is a finite sequence S := (^^), . . . , (^") with 
Uijbi E Zq. Does there exist a digraph (without parallel arcs) G = {V, A) with a labeled vertex set 
V :— {vi, . . . , Vn} such that we have indegree dQ{vi) = ai and outdegree d^{vi) — hi for all Vi £ V ? 

If the answer is "yes", we call sequence S digraph sequence and digraph G a digraph realization. 
We exclude tuples (p) in 5'. Furthermore, we will tacitly assume that X^iLi ~ X^ILi ^^^^ 
obviously a necessary condition for any realization to exist, since the number of ingoing arcs must 
equal the number of outgoing arcs. We denote sequence S by decreasing lexicographical sorted if we 
have >iea: (I'^D for alH G {l,...,n- 1}, i.e. (a^ > a^+i) V (a^ = a^+i A hi > bi+i). There 
exist two known approaches solving this problem in polynomial running time. One first approach 
of Kleitman and Wang uses recursive algorithms to construct digraph realizations |KW73| . The 
second one gives a complete characterization of digraph sequences. Hence, it is possible to check a 
polynomial number of inequalities (in the size of the number of tuples in a sequence) which leads 
to the correct decision of the realizability of a sequence. However, these views come from another 
analogous problem — the graph realization problem which asks whether a given undirected sequence 
S :— (di), . . . , (dji) with di G possesses a realization as a graph. The characterization approach 
was found by Erdos and Gallai |EG60| and a realization algorithm was introduced by Havel [Hav55j 
and Hakimi [Hak62j . Four authors, namely David Gale ^Gal57) . Herbert J. Ryser |Rys57j, Delbert 
Ray Fulkerson |Ful60| and Wai-Kai Chen |Che66| gave sufficient and necessary conditions which 
completely characterize digraph sequences. Actually, none of the mentioned authors has found the 
following theorem in its general form. Gale and Ryser dealt with digraph sequences where at most 
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one loop per vertex is allowed. However, their insights are fundamental for characterizing digraph 
sequences without loops. Fulkerson gave a general result with exponential many inequalities and 
Chen formulated and proved the final details. Therefore, we cite the following theorem as the result 
of all four authors. 

Theorem 1 (Characterization of digraph sequences |Ful60|Rys57pChe66IIGal57| V Let S := 

(^^), . . . , (^") be a sequence in decreasing lexicographical order. S is a digraph sequence if and only 
if the following conditions are fulfilled: 

k n k 

min(&j, fc — 1) + min(bj, k) > Qj 

2—1 i—k+1 i—1 

for all k Cz {I, ■ ■ ■ ,n}. 

In our note, we relaxe the conditions of this theorem in this sense that we show that sequence 
S has only to be sorted in decreasing order with respect to its first components a^. Hence, the 
condition of a lexicographical sorted sequence is not neccessary and much too strong. We think 
that this observation could be very important in the context of threshold sequences (see the book 
by Mahadev and Peled |MP95| ). A threshold sequence can be defined as this sequence fuUfiUing all 
inequalities in Theorem [T] with equality. Hence, our result leads to several and not only one threshold 
sequence for a given sequence 5' (dependent on the number of decreasing permutations of S). To 
prove our claim, we go back to the results of Fulkerson |Ful60| . take some ideas of Chen's proof 
[Che66_ and show our more general result. In the following, we denote by Sk a subsequence of S 
consisting of k arbitrary tuples from S and we write Sk for the corresponding subsequence containing 
all remaining tuples of S. 

Theorem 2 (Fulkerson 1960). Sequence S :~ (^^), . . . , (^") is a digraph sequence if and only if 
for all subsequences Sk and k € {1, . . . ,n} we have 

J2 min(6„fc-l)+ J2 min{b,,k)> ^ a,. (*) 

{bi\ {I'J tuple in Sk} {bi\ (°») tuple in Sk} {oil (JJ*) tuple in Sk} 

Furthermore, we need a simple and nice combinatorial insight. 

Proposition 1 (Principle of double counting). For an abitrary, finite set M C N and k E N 

we have 

k 

^min(i,/c) = ^|{i€Af| i>j}\. 

ieM j = l 

Proof. Consider Figure [T] 

Each i Cz M corresponds to a row with i entries "one". Then min (i, k) counts exactly the number 
of "ones" in row i which is truncated at length k. Hence, J^ieM ^) sums up all entries "one" 

in each /c-truncated row. On the other hand, we can count these entries by considering all "ones" in 
columns t G {1, . . . , fc}. The number of entries in the jth column is exactly the number of rows i 
with i > j, i.e., \{i G M\ i > j}\. This proves our claim. 

□ 

This insight gives a further useful formulation of Theorem [2] 

Corollary 1 (Reformulation of Fulkerson). Sequence S :— (^^), . . . , (^") is a digraph sequence 
if and only if for all subsequences Sk and fc G {1, . . . , n} we have 

\{b,\ h) tuple in S-k, b, >k}\ + Y. (5') t^Ple in S, h > j}| > (+) 

i = l ^ {ail tuple in Sfe} 
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Fig. 1. Rows with i entries "one" (black and blue), m 
to k columns with entries "one" and "zero". 



^ row 1 with i entries 



(i, k) are the black entries in each row corresponding 



Proof. Applying the principle of double counting (Proposition [T|) for each summand in (*), we get 
a further formulation for each subsequence Sk with k d {I, . . . ,n}. 



tti < min (6i, fc — 1) + mm{bi,k) 

{lil tuple in Sk} {bi\ (5J*) tuple in Sk} {bi\ (^») tuple in Sk} 

P™j[I]^' h\ tuple in Sk,h > j}\ + ^ K^^l (T) t^P^^ in 5^, h > j}\ 

k— 1 



□ 

It is easy to derive from Proposition [T| that 



min {i, k) — min [i, fc + 1) > 0, (1) 

ieM i£M 

because the (fc + l)th column in our Figure [l] cannot contain more entries then the fcth column. We 
apply this insight for the "left-hand-sides" (*) of the inequalities from Fulkerson's Theorem. For a 
simpler notion, we denote this left-hand-side of (*) in Fulkerson's Theorem [2] by 

x{Sk) ■= E] min(6i,fc— 1)+ min(6i,fc). 

{t>i\ {I') tuple in Sk} {bi\ (J^') tuple in Sk} 

Proposition 2. Let Sk-i be an arbitrary subsequence of sequence S := (^j), . • . , (^") with fc — 1 
tuples, Sk an extension of Sk-i containing a further tuple of S and Sk+i an extension of Sk by a 
further tuple of S. Then we have x{Sk+i) — x{Sk) < x{Sk) — x(Sk-i) + 1. 
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Proof. 

xiSk+i) ~ x{Sk) 



mm{bi,k)+ ^ min(6i,fc + l) 

{M (bO t"Pl<= in Sfc + i} {bil [l') tuple 

mm {bi,k) 

{b,\ {^i) tup\c in Sk) {b,\ (i^) tuple in s;:} J 

{hi, k) + min (bk+i,k) + 



E 

{6. I {^i) tuple in Sfc} 
/ 

E 



mm ( 



min(&i,fc + l) 

{6.1 (tO tuple in Sfc+i} 



mm {bi,k) 

{bi\ d') tuple in Sk+l) 

mm {bi,k — 1) 



^ min (fei, A; — 1) + min (bfc+i, fc) + 

Hi) tuple in Sfc} 

E min(6i,fc)- y^ 

{fcil tuple in Sfc} {bil (JJ*) tuple in Sfe} 

+ y^ min(6i,fc + l)— min(fei,fc) 

{bil tuple in Sfc + i} {bi| (°») tuple in Sfc-|-i} 

P.op.0|^^^| (a\ tuplein5,,6,>fc}| + |{6.| 



( j tuple in Sfc, hi > 



>k~l}\ + \{b,\ 

= |{b,| tuple in S'fc_i,6, > fc- 1}| + |{bfe| fefc > fc- 1}| 

+|{b.| l^jj'j tuple in S^,b.>fc}|-|{6,+il6fe+i>fc}| 

< tuple in Sfc-i,b,>/c-l}| + l + |{b,| 

°=^S V minf6,:,fc-n- V 



tuple in Sk+i,bi > + 1}| 
^' j tuple in Sk+i, h > k}\ 



tuple in Sk,bi > k}\ 
min(6j, fc - 2) + 1 



min(6i,fc-l)- 

{fcil (bj") 'nP''^ in ^''-ll' ■''''1 (bjO *nP'° in ^fc-l} 

/ 

+ y^ min(6i,fc)— y^ min(6i,A;— 1) 

\{M Hi) tuple in S^} {bil [li) tuple in S^} ^ 

y^ min fc - 1) + min fc — 1) + min(6i,fc) + l 

{M ill) tuple in Sfc_i} {b,| [^i) tuple in S^} 

/ 

— y^ min (fei, fc — 2) + min (bfc, fc — 1) + min(&i,fc — 1) 

\{M (bp tuple in Sfc_i} {b,\ (°p tuple in S^} 

y^ min(&i,fc— 1)+ y^ min(&i,fc) + l 

{fcil (bO tuple in Sfc} {bil (^i) tuple in Sj.} 

/ \ 

— y^ min(6i,fc — 2)+ y^ min(6i,fc — 1) 

yfJil (bp tuple in Sfc_i} {bil (°p tuple in Sk-l} J 

x{Sk) - x{Sk-i) - 



) + l 
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□ 

The idea of Chen was to show that it is sufficient to consider only the n subsequences Sk '■— 
(°^), . . . , (^*) with fee {!,■■• ,7^}- The only requirement is that sequence S is sorted in decreasing 
lexicographical order. Since, the proof of Chen omitted the consideration of several case distinctions, 
we here repeat his idea and extend it to our general scenario in adding several own insights. 

Theorem 3 (Digraph Characterization). Sequence S :~ (^^), . . . , (^") with ai > • • • > a„ is a 

digraph sequence if and only if we find for aZ/ /c G {1, . . . , n} that 

k n k 

^min(6j,fc- 1) + ^ min (6,, fc) > ^ a^. (**) 

i—l i — k+1 i—1 

Proof. Since S* is a digraph sequence, we can apply Theorem [2] of Fulkerson. Condition (*) 
is fuUfilled for all subsequences Sk- Obviously, the n subsequences Sk (^^^), . . . , (^^') with k £ 
{1, . . . , n} are such subsequences leading to our condition (**). 

We have to show that conditions (**) lead to conditions (*) in Theorem[2j In this case, sequence 
S* is a digraph sequence. Clearly, condition (**) fuUfiUs condition (*) for Sk ■— (^j), ■ • ■ , (^^) with 
k e {l,...,n}. 

We prove the theorem in two steps. 

1. We show that it is sufficient to consider in (*) all subsequences Si := (^^^), • ■ • , (^^'^) of sequence 

S where > ■ ■ ■ > aj^ is fuUfiUed for S^ and its corresponding sequence Sj. . Clearly, j ranges 
between 1 and the number I of different possible sortings of S with respect to the first component 
ai. (We avoid isomorphic sortings.) Hence, we get n ■ I inequalities. 

2. We show that it is sufficient to consider in (*) for one arbitrary j E {!,...,/} the n subse- 
quences Si := (^"), . • . , Ol^*^) of sequence S where > • • • > aj^ is fuUfilled for 5*^ and its 

corresponding sequence 5*^,. 

Step 1. We consider two permutations of S, namely S^ and S^ which differ in the position jj, < k 
(/i, K G {l,...,7i}) of exactly two different tuples, i.e. (^^^) — Q''") Si,nd (l^.") — shall 

fuUfill fljj > • • • > Uj^ and S^ not, because we want to show: If Si fuUfills for each k condition 

(*) in Theorem 2 then Si does it, too. So, we can assume that aj^^ > Uj^. Let us now use the 
equivalent formulation (+) of Fulkerson (Corollary [T]) . Note that two such inequalities (+) for one 
given k - one for sequence S^ and another for S^ - can only differ, when fi < k < k. We denote 
the second summand of (+) by K{Sk) '■= X]j=i (bO tuple in S,bi > Clearly, we have 

K{Sl) = K(Sl ) for each k. We consider the remaining summands and denote them for simplicity 
by BiSk) := {6.1 (^;) G ^, 6, > k} and 

A{Sk) := 

{ail (j*) tuple in Sk} 

With jj, < k < K and aj^ > aj^ we get ^4(5*^ ) < A{Sl) — 1. Let us consider all k G {!,...,«} 

with bj^,bj>^ > fc or bj^,bj'^ < k, respectively. We either find bj^ e B{Sl),bji^ G B{Sl ) or bj^ ^ 

B{Sl),bji ^ B{Sl ), respectively. We get \B{Sl )| — \B{Sl)\. Hence, we get by our assumption for 
this case 

K{S() + \Bis()\ = KiSl) + \BiSl)\ > A{Sl) > AiS^). 
So, it remains to distinguish the cases 



6 A. Berger 



(1) > fc > 6,v or 

(2) 6,, >fc>6,^. 

In case (1) we find 6^- > fc > bj^. It follows bj^ ^ B{Sl),b.y^ G B{s{). We get \B{s{)\ = 
\B{Si)\ + 1 > \B{Sl)\. Hence, we get 

K{,si) + )| = K{Si) + + 1 > + 1 > A{Si). 

In case (2) we get b^^ >k> bj,^. It follows b^^ E B{Sl),bj>^ ^ B{s(). This results in \B{s()\ = 
Weget 

^(^f) + \BiSl)\ = + - 1 > MSi) - 1 > A{Si). 

So, we can conclude that for two given permutations , of S which differ only in two 
positions and fulfill the conditions of this paragraph, it is sufficient to consider the permutation 

in the Theorem of Fulkerson |2] Let us now consider a sorting S'^ of 5 with a^^ > • • • > ad„ 
and a permutation S** where at-^ > ■ ■ ■ > at^ is not fuUfiUed. Furthermore, we assume for all 
k G {!,...,«} we have K{Sf) + |i?(S'^)| > A{S'^). Clearly, it is possible to construct a sequence 
5''' := , . . . ,S'^ := 5* of sortings of 5* such that two adjacent permutations and S^'^^ in this 
sequence differ only in two positions /i < k an we have aj > aj^ in . Then we can conclude for 
each fee {1, . . . , n} step by step with our insights above and starting with K{Sl) + \B{Sl)\ > A{Sl) 
that K{Sl) + \B{Sl)\ > AiSl), . . . , KiSD + \BiSi)\ > . . . , + \B{Sl)\ > This 

completes the proof of our step 1. 

Step 2. We consider two permutations of S, namely and with a^^ > • • • > aj^ and 
aj' > • • ■ > Oj' . These two permutations shall only differ in two adjacent positions fj, and /i + 1 
{fJ- (z {1, . . . ,n — 1}). Clearly, we have Uj^ — aji^ and flj^^^ = aj'^^ by our assumptions. Hence, we 
can assume bj^ ^ by^ and bj^j^^ ^ ^i'+i' respectively. Otherwise, there is nothing to prove. Again, 
we use the equivalent formulation (+) of Fulkerson (Corollary [ij and show for each fc: 

K{Si) + \B{Si)\ > A{Si) ^ K{Si) + \B{Si)\ > A{Sl). (++) 

Clearly, this claim is fuUfiUed for all fc > fi + 1 and for all fc < /i, because all summands 
are equal. Furthermore, we have A{Sl) = A{Sl ) for all fc. Hence, we only have to treat the sets 
B{Sl) and -8(5'^ ) in the case fi ^ k. For bj ,bj' > /i or bj^,bji < fi, respectively, we either find 

G B{SI,),by^^^ e BiSl ) or b,^^, i B{Sl)Sy^^^ i B{Sl). We get = \B{Sl)\. Let us 

now assume that 

X{Sl) = K{Si:) + \B{Si:)\>A{Sl) 

and 

x{Sl)^K{S^;) + \B{Sl)\<A{Sl). 

Since, K{Sl) = K{Sl) and A{Sl) = A{Sl) for all fc this can only happen when \B{Sl)\ > 
\B{Sjj^)\. Since, S*^ and Sj^ do only differ in their /ith tuple, this is only possible for the case 
bj^ < /i < bji^. In particular, we have 15(5*^)1 = \B(Sj^)\ + 1. Hence, with our insights using our 
notation from above we have 
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2. x{Sj;) + 1 = X{Sl) > A{Sl) = AiSj;) and < 

3. > AiSf,^,) and XiSf^^,) > 

Since, |B(S'J)| = \B{Sl)\ + 1 and ^(5^) = we can conclude x(S'^) = A(S'J) in 2. But 

then it follows with 1. x{Sl) - x{Sl_^) < A{Sl) - A{Sj^^^) = aj^. On the other hand, it follows 
from 3. that x{Sjj^^i) — x{SJJ > aj^. With 1. and 2. we conclude 

X{Sj;) - X{Sj;_,) = X{Sf,) - 1 - XiS'^_,) < a,^ - 1. 

and 

- ^(^D - - (XiSf,) - 1) > a,,+, + 1 = + 1. 

But then it follows X{s(^^) - X{Sl) > X{Sl) ~ X{s(_^) + 2. Contradiction to Proposition [ij 
Hence, our assumption was false and it follows K{Sf^ ) + 1-8(5^ )| > ^(5"^ ). Carefully looking into 
our arguments the same is true for the other side of our implication (H — h) (this is the simpler 
case). Let us now consider two permutations S'^ and S'* of S with = Oti > • • • > cid„ — cit^- 
Furthermore, we assume for all fc G {!,...,«} that we have K{S^) + \B{S'^)\ > A{S^). Clearly, it 
is possible to construct a sequence S"^ :— , . . . , S'^ := S'* of permutations with a^j^ > • • • > aj^ 
such that two adjacent sortings and 5"^+^ in this sequence differ only in two adjacent positions 
/i < /i + 1. Then we can conclude for each k € {1, . . . , rt} step by step with our insights above and 
starting with K{Sl) + \BiSl)\ > AiSl) that K{Sl) + \BiSl)\ > A{Sl), . . . ,K{Si) + \B{S'^\ > 
A{Sl), K{Sl) + \B{Sl)\ > A{Sl). This completes the proof of our step 2. □ 

The idea of Chen was to consider all n inequalities of the form K{Sk) > A{Sk) — \B{Sk)\ 
with k G {1, . . . , n}. He proved that the right-hand-side of these inequalities is maximized if S is 
decreasing lexicographical sorted and Sk consists of the first k tuples of S. Unfortunately, by this 
approach he overlooked that other decreasing sortings of 5 with respect to the are also sufficient 
and the condition of a lexicographical sorting is too strong. 
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